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Abstract. Nonnegative measure- valued solutions of the continuity equation are uniquely de- 
. . . termined by their initial condition, if the characteristic ODE associated to the velocity field has 

OO I a unique solution. In this paper we give a partial extension of this result to signed measure- 

^^ ■ valued solutions, under a quantitative two-sided Osgood condition on the velocity field. Our 

^"-^ ' results extend those obtained for log-Lipschitz vector fields in 0. 



1. Introduction 

Let T > and let 

^; V{t, x) : (0, T)xR'^ — > R'^ 

Q . be a Borel vectorfield. We associate to V the equations 

^: (ODE) ^(t) = y(t,^(t)) 

and (with the notation Vt{x) = V{t,x)) 

(PDE) dm + div{Vtfit) = 0. 

A solution of (ODE) is an absolutely continuous curve 7(t) such that 7(t) = V{t,'y{t)) almost 
^ i everywhere on [0,T]. We shall also consider generalized solutions in the sense of Filippov, see 

more details below. The so-called continuity or Liouville equation (PDE) is considered in the 
l/^ . sense of distributions. We shall work with solutions in the class of measures. We denote by 

Ai{M. ) the set of signed Borel measures with finite total variation on M , by A4^{M. ) the 
C^ ' subset of non-negative finite measures, and by |/x| E 7W"^(R ) the total variation of a measure 



a 



(N 



^ , n € A^(IR'^). We shall consider only solutions fit satisfying |^j|(M'') G L°°(0, T); this is not a 

f— ^ I very restrictive assumption, because many approximation schemes do provide solutions fit with 

this property. We shall also assume that 

X' (I) / / \\Vt\\d\iit\dt < ex,, 

H ' Jo JR'^ 



a 



a property surely satisfied if ||y|[ is uniformly bounded. Under these assumptions the notion 
of distributional solution is well defined, and it is equivalent to the requirement that, for all 
(j) S C^(M'^), t I— > f (pdfit belongs to the Sobolev space W^'^{0,T), with distributional derivative 
given by 

' {Vt{x),\/<P{x))dfitix). 

Using this fact, and the uniform continuity properties of Sobolev functions on the real line, it 
is easy to check (see for instance [H Proposition 8.1.7]) that we can restrict ourselves (possibly 
modifying fit in a negligible set of times) to weakly continuous solutions t ^^ fit, in the duality 
with Cc(M'^). Moreover, the initial condition fiQ for (PDE) is defined in a weak sense: 



lim / (l)dfit= (t>dfia V0eCc(M''). 

So, from now on only weakly continuous solutions fit will be considered. Reversing the time 
variable, also the final condition fiT is well defined, still in the weak sense. 
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Our goal in the present paper is to study the relations between uniqueness for (ODE) and 
uniqueness for (PDE). It is known that uniqueness for (ODE) implies, via the so-called super- 
position principle, that nonnegative solutions of (PDE) are uniquely determined by the initial 
condition fiQ, see [H [21 [3l ^\ [5]. The question turns out to be much more subtle if we work in 
the class of signed measures. Of course, if /ij is a solution, we can write it as the difference of the 
two non-negative measures fif and ^^. However, these measures need not solve the equation. 
This remark is reminiscent of the notion of renormalized solutions, see [TJII]: we may call renor- 
malized a solution fit such that fif and /i^ are both solutions (or equivalently such that |//j| is 
a solution). It is clear that there is uniqueness if all distributional solutions are renormalized, 
and if there is uniqueness for (ODE), but renormalized solutions have been studied only under 
weak differentiability assumptions on Vt, and only in the class of absolutely continuous measures 
fj,t (see [2] for a survey on this topic). In this paper, we leave aside the question of the general 
relations between (ODE) uniqueness and (PDE) uniqueness, and we focus on a particular class 
of vectorfields for which (ODE) uniqueness is well-known, and derive some consequences at the 
(PDE) level (and, in particular, that all solutions are renormalized). 

We recall that a modulus of continuity is a continuous non-decreasing function p : [0, 1) — > 
[0, cxd), such that p{0) = 0. A modulus of continuity p is said to be Osgood if 

-ds = +00. 



p{s 

We will always extend the moduli of continuity to [1, oo) by p = cxd. Typical examples of Osgood 
moduli of continuity are p{s) = s and p{s) = s(l — ln(s)). Note that the moduli p{s) = s", 
a € (0, 1), are not Osgood. 

It is known that uniqueness holds for (ODE) if there exist a Osgood modulus of continuity p 
and C € 1^(0, T) such that 

(0) \{V{t,x) - V{t,y),x- y)\ ^ C{t)\\x - y\\p{\\x - y\\) 

for all X, y £ M , and all t G (0, T). Condition (O) does not seem to imply continuity of 
Vt: in the case when the modulus p is linear, (O) implies that the symmetric part of the 
distributional derivative is bounded, hence Korn's inequality gives that Vt is equivalent, up 
to Lebesgue negligible sets, to a continuous function. Since we consider measures nt that are 
possibly singular, even in the case when p is linear we can not apply this result to reduce 
ourselves to a continuous vector field; therefore we will not investigate the continuity question 
here (also because adding the continuity assumption would not lead to a great simplification of 
the uniqueness proof). 

In order to prevent blow-up of solutions, the following bound is useful: 

(B) \V{t,x)\ < D{t) Vx € M'^, Vt G (0,r), for some D G L^{0,T). 

The equation (ODE) is well understood under (O) and (B): There exists a unique flow map 

X : [0, T] X [0, T] X M"^ I — > R"^ 

which is such that X{s, t, •) is a homeomorphism of W^ for each s and t; X{t, t, •) = Id for each 
t. In addition 

1 1-^ X{s,t,x) 

is a generalized solution of (ODE) in the sense of Filippov (the definition is recalled below) 
for each s and x. In the case when Vj is continuous, then generalized solutions in the sense of 
Filippov are just ordinary solutions of (ODE). Uniqueness implies that X satisfies the semigroup 
property 

(1) X{ts,t2,X{ti,t3,x))=X{ti,t2,x) VxGM^ Vii, t2, isG [0,r]. 
The main result of this paper is the following uniqueness result: 
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Theorem 1. If the vectorfield V satisfies (O) and (B), then there is uniqueness for (PDE) in 
the class of hounded signed measures. More precisely, if nt is a solution of (PDE) such that 
l^iKM"^) GL°°(0,r) then 

(2) fit = X{0,t,-)#fio for all t e {0,T). 

In the particular case when Vt is continuous, ([2|) defines a solution of (PDE) with initial 
condition hq, so that Theorem [1] can also be read as an existence result. 

The same proof would give uniqueness in the larger class of measures nt satisfying l/iiKM*^) G 
L^(0, T) if conditions (O) and (B) are given in a stronger form with C G L°°(0, T), we leave the 
(easy) details to the reader. 

If p{s) = s, the result is well-known. It has been proved by Bahouri and Chemin in [6J in the 
case p{s) = s(l — ln(s)) (see also ^] for related results), under the additional assumption that V 
has zero divergence. The proof in [6] uses Fourier analysis and Littlewood-Paley decompositions, 
and it is not clear to us whether it can be adapted to our more general statement. 

It might be tempting to think that uniqueness for (PDE) holds in the presence of a flow of 
homeomorphisms solving (ODE), but we do not know whether such a result is true without an 
explicit bound like (O). 

Let us now return to the definition of the flow X associated to V. Since V is possibly 
discontinuous, we consider its Filippov regularization (actually a multivalued function), namely 

V(t, x) := Pi CO {{V{t, y) : \\y - x\\ < r}) , 

r>0 

where co denotes closed convex hull. By definition, a generalized solution of (ODE) in the sense 
of Filippov is an absolutely continuous curve X{t) such that the inclusion X(t) € Y{t,X{t)) 
holds for almost every t. Since x \—i- Y{t,x) is upper semicontinuous (i.e. Xn -^ x, Vn & V(t,x„) 
and Vn ^ V imply v G V(t,x)), and V(t, x) ^ 0, by Filippov's theorem, see [8] or [9l Theorem 
1.4.1], for aU ti € [0, T] and x &W^ there exists a Filippov solution X{t) : [0, T] — > R"^ satisfying 
X{ti) = X. Furthermore, V inherits (O) in the form 

(3) \{v-w,x-y)\^C{t)\\x-y\\p{\\x-y\\) ^v (£Y{t,x), ^w eY{t,y) 

and this can be used to show, by the standard argument, that X is unique. The flow X{s,t,x) 
can now be defined by requiring that t i— > X{s,t,x) is the only Filippov solution which satisfies 
X{s) = x. 

The following strong form of uniqueness is essential for the proof : 

Lemma 2. LetV{t,x) be a vector-field satisfying (O) and (B). Letj{s) = {t{s),x{s)) : [0,L] — s- 
[0, T] xR'^ be a Lipschitz curve such that 

x{s) = i{s)V{t{s),x{s)) 

for almost every s. If L \t{s)\C{t{s))ds < cxo, where C{t) is the function appearing in (O), then 

x(s) = X(i(0),t(s),x(0)). 

Proof. Let us notice that the curve y{s) := X(t(0), t(s),x(0)) satisfies y{s) S i{s)N{t{s),y{s)) 
for almost all s, and therefore ([3]) gives 

\{y{s) - i{s)V{t{s),x),y{s) - x)K |i(s)|C(t(s))||y(s) - x\\p{\\y{s) - x\\) 

for all x G R'^. In particular, we have 

Ms) - x{s),yis) - xis))\ ^ \i{s)\C{t{.s))\\yis) - x{s)\\piUs) - x{s)\\). 

Denoting by d the quantity d{s) = \\x{s) — y{s)\\, we get (taking into account that d{s) = a.e. 
on {d = 0}) 

\d{s)\ ^ \i{s)\C{t{s))p{d{s)) for a.e. s £ [0,L]. 
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Since the function \i{s)\C {t{s)) is integrable, and since d{0) = 0, we conclude that d{s) = for 
ah s. Q 

The proof of the Theorem is now based on Smirnov's decomposition of normal currents, see 
|11| . We expose this theory in Section [21 and then conclude the proof of Theorem [1] in Section [3l 

2. Decomposition of vector fields 

Let us consider the metric space C := Lip([0, 1];M'^) of Lipschitz curves 7 : [0,1] — > M'^, 
endowed with the uniform distance and the associated Borel cr-algebra. Note that the set C is 
a Borel subset of C([0, 1];R*''), being a countable union of compact sets. To each curve 7 G £, 
we associate its length L-y = f^ \\j{s)\\ds and the M'^-valued measure T'^ = {T^ , . . . ,T^) on M.^ 
defined by 

9dT^ = 9{l{s))ii{s)ds i = l,...,k 

for each bounded Borel function g( : M — > M. Making the supremum among all Borel functions 
with ll^fll ^ 1 we get 

(4) ITT'KM'^) ^ L^. 

Furthermore, it is easy to check that, if 7 is simple, equality in ^ holds and \T^\ is the image 
of |[7||(is under 7. 

Let now T = (Ti, . . . ,Tk) G [A^(M )] . By polar decomposition we can write T = Wt], with 
VF : M'^ ^ M'^ Borel unit vectorfield and rj G M'^{R'') (r/ is the total variation of T and W is the 
orienting vectorfield, uniquely determined up to //-negligible sets); we also assume that div(r) 
is (representable by) a measure 6 G A1(M ), namely 

{W, \7(j))dr] = - f ^de V(/) G C^iR''). 

Notice that this assumption is fulfilled by T'^, and 

div(T^) = (5-^(1) -(5^{o)- 

We say that a measure z^ G M^{£.) is a decomposition of T = Wij by simple curves if: 
(i) We have 

(5) T = lr'du{^), 
which explicitly means that 

{W, f)dv = j^ i^j^ {f{j{s)),j{s))ds^ dv{^) 

for each bounded Borel function / : M*' — > M*^. 
(ii) We have 

(6) ri= I \T^\du{-f) 
and 

(7) 1^1 = y" (5^(1)+ 5^(0))ciz^(7). 

(iii) i^-almost every curve 7(t) is simple. 

Notice that condition ^ can be interpreted by saying that no cancellation occurs in ^. 
Analogously, by applying ([5]) to a gradient vectorfield /, we get 

(8) e = dWiWv) = I d\v{Tr)du{^) = f {6^^,^ - 5^^o))dH7)- 

Jc J c 
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So, also ([7|) implies that no cancellation occurs in the integrals in ^. 

Proposition 3. Let v E M.^{C) he a decomposition ofWrj by simple curves. Then, for u-a.e. 
curve 7, we have \T'^\ = '^^{\\'^\\ds) and 

(9) i{s) = \\i{s)\\W{^{s)) /ora.e. se [0,1]. 

Proof. The equality \T'^\ = ^^[\\'^\\ds) follows from the fact that i/-almost every curve is 
simple. Inserting f = W va. ^ and taking ([6]) into account we get 

l^(\T^m') - J\w{^{s)),^{s))dsyui^) = 0. 
Since i/- almost every curve is simple, we have equality in ^, and we get 

J^(l.,- I {Wij{s)),j{s))dsy,yij)=0, 
so that 

The integrand being nonnegative, we get ([9]). q 

We can now state Theorem C of |llj : 

Theorem 4. Any T = Wr] as above can be decomposed as rj = rf + fi, where diviWrf) = and 
Wfj adm,its a decomposition v E A^"'"(>C) by simple curves. 

It turns out that also the divergence-free part Wrj^ admits a decomposition in "elementary" 
vector fields T'^, but the underlying curves 7 need not be in £.: in order to obtain the decompo- 
sition, also curves associated to Bohr quasiperiodic maps 7 : M ^ M should be considered, see 
[Tlj for a precise discussion. 

3. Proof of Theorem [T] 

Let fit be a solution of (PDE) with initial condition ^uq and let S G (0,r]. We want to prove 
that fis = X{0,S,.)f^fio. 

Let a(t,x) : (0, T) x M — > {~1) 1} be the sign of fit. By this we mean a Borel map such 
that afi = \fj,\. Note that we really consider here a functions a defined at each point, and not 
only a class of functions up to [/ij- almost everywhere equality. There is not a unique choice for 
the function a, but we pick one once and for all. Let us define the vectorfield 

'^<'-'-' ni(i.t(ri))ii '^-'^<'-'^» 

and the Borel non-negative measure 

rf{t,x) =X(o,s)xRd|l(l.^(*>3;))||(dt«) \fit\) 

on M.'^^^ = M X M'^. Note that (PDE) with initial condition fio at t = and final condition 
fis Sit t = S can be rephrased as div{Wrf) = 6 in the sense of distributions in M'^^^, where 

6 = 5s<^ fJ-s -6o®fio- 

Let now rf = rfo + fj he the decomposition provided by Theorem [H and let v G M~^{£.) be a 
decomposition of Wff, with k = 1 + d. By Proposition O z^-a.e. curve 7 = {t,x) satisfies 

V ^ II . / Ml critis),x(s)) , , II . , Ml a(t(s),x(s)) -,,, , ^ , ^^ 

'<^>-"^<'>" ii(i.m;).l(!,)))ii • ^(-)-Hwii ||(i.,)(y,),l(;VM. '^'"-)''=('»- 

Let us prove that for z^-a.e. curve 7 = (t, x) the integrability property 

\i{s)\\Cit{s))\ds <oo 
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holds. Indeed, take f{t,x) = C{t) /\\{1,V {t, x))\\ and observe that ([6]) gives 
\iis)\\C{t{s))\dsdui-f) = [ [ fd\T'\dH^) = [ fdfj 



If 



^ I fdr]= I C{t)\fitm'^)dt <oo. 

In view of Lemma [21 we conclude that j/-almost every curve {t,x) in C satisfies 

(10) x(s)=X(t(0),t(s),x(0)). 

Since i/-almost every curve is one to one, we conclude that t{s) is one to one for z^-almost every 
curve. By ([7]) we know that t(0) G {0, S} and t(l) G {0, 5} for i/-almost every curve 7 = {t, x), 
and therefore, either t(0) = and t{l) = S, or t(0) = S and t(l) = 0. 

Denoting by £"*" the Borel subset of C formed by curves 7 = (t, x) such that t is increasing 
on [0, 1] and satisfies t(0) = and t(l) = S, and by £^ the Borel subset of C formed by curves 
7 = {t, x) such that t is decreasing on [0, 1] and satisfies t(0) = 5 and t(l) = 0, we conclude that 
!/(£"'" U C~) = 1. We denote by u^ the restrictions of u to £^. The measures u^ are mutually 
singular, non-negative, and i^ = i^"^ + z^~. Let 

be the Borel map defined by -64(7) = x{0) if 7 G £+ and -64(7) = x(l) if 7 G C^. Similarly, we 
define Bf. C+UC- — > R"^ by B,{j) = x(0) if 7 G £" and ^^(7) = x(l) if 7 G £+. Note that 

Bf = BiO X(0, S, •) 

z/-almost everywhere by ([TO]) . Since 6* = (Js (X) ^s — (5o CS /io, it follows from ([8]) that hq = 
{Bi)^{iy~ — z^+) and fis = (-^/)tt(^~ ~ ^^)- ^s a consequence, we have 

l^s = -^(0,5, Ott/^o- 

References 

[1] L.Ambrosio : Transport equation and Cauchy problem for BV vector fields. Invent. Math. 158 (2004), no. 

2, 227-260. 
[2] L. Anibrosio : Transport equation and Cauchy problem for non-smooth vector fields. Lecture Notes in 

Mathematics "Calculus of Variations and Non-Linear Partial Differential Equations" (CIME Series, Cetraro, 

2005) 1927, B. Dacorogna, P. Marcellini eds., 2-41, 2008. 
[3] L. Ambrosio, G. Crippa : Existence, uniqueness, stability and difi'erentiability properties of the flow associated 

to weakly differentiable vector flelds. UMI Lecture Notes, Springer, in press. 
[4] L. Ambrosio, N. Gigli and G. Savare : Gradient flows, Lectures tn Math. ETH Zurich, Birkhauser (2005). 
[5] P. Bernard : Young measures, superposition and transport, Indiana Univ. Math. Journal, 57 (2008) no. 1. 
[6] H. Bahouri, J.-Y. Chemin : Equations de transport relatives a des champs de vecteurs non-Lipschitziens et 

mecanique des fluides. Arch. Rat. Mech. Anal. 127 (1994) 159-181. 
[7] R.J. Di Perna, P.L. Lions : Ordinary differential equations, transport theory and Sobolev spaces, Invent. 

Math. 98 (1989), 511-548. 
[8] A. F. Filippov : Differential equation with discontinuous right hand side, Am. Math. Soc. translation ser. 2 

42 (1960) 199-231. 
[9] L. Hormander : Lectures on Nonlinear Hyperbolic Differential Equations, Mathematiques et Applications 26 

(1996), Springer. 
[10] S. Maniglia : Probabilistic representation and uniqueness results for measure- valued solutions of transport 

equations. J. Math. Pures Appl. 87 (2007), 601-626. 
[11] S. K. Smirnov : Decomposition of solenoidal vector charges into elementary solenoids and the structure of 

normal one-dimensional currrents, St. Petersbourg Math. J. 5 (1994), no 4, 841-867. 

Luigi Ambrosio, ScuOLA Normale Superiore, Piazza dei Cavalieri 7, 56123 Pisa, Italy 
E-mail address: l.ambrosio@sns.it 

Patrick Bernard, Universite Paris-Dauphine, et CEREMADE, UMR CNRS 7534, Pl. du Marechal 
DE Lattre de Tassigny, 75775 Paris Cedex 16, France (Membre de lTUF) 
E-mail address: Patrick.Bernard@ceremade.dauphine.fr 



